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Abstract 

We introduce the concept of strongly r-matrix induced (SRMI) Poisson structure, report on the 
relation of this property with the stabilizer dimension of the considered quadratic Poisson tensor, 
and classify the Poisson structures of the Dufour-Haraki classification (DHC) according to their 
membership of the family of SRMI tensors. One of the main results of our work is a generic co- 
homological procedure for SRMI Poisson structures in arbitrary dimension. This approach allows 
decomposing Poisson cohomology into, basically, a Koszul cohomology and a relative cohomology. 
Moreover, we investigate this associated Koszul cohomology, highlight its tight connections with 
Spectral Theory, and reduce the computation of this main building block of Poisson cohomology 
to a problem of linear algebra. We apply these upshots to two structures of the DHC and provide 
an exhaustive description of their cohomology. We thus complete our list of data obtained in 
previous works, see [MP06| and [AP07) , and gain fairly good insight into the structure of Poisson 
cohomology. 

Key-words: r-matrix, quadratic Poisson structure, Lichnerowicz- Poisson cohomology, Koszul 
cohomology, relative cohomology. Spectral Theory 
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1 Introduction 

In a graded Lie algebra (g'La) (£, [., .]), £ = (BiD, any element with degree 1 that squares to 0, 
generates a differential graded Lie algebra (dgLa) (£, [., .],9a), Oa '■= [A, .], and a gLa H{C, [., .],9a) 
in cohomology. It is interesting to note that, depending on the initial algebra, such a 2-nilpotent 
degree 1 element is e.g. an associative algebra structure, a Lie algebra structure, or a Poisson struc- 
ture, and the associated cohomology is the adjoint Hochschild, the adjoint Chevalley-Eilenberg, and 
the Lichnerowicz-Poisson (LP) (or simply Poisson) cohomology, respectively. Let us recall that the 
LP-dgLa is implemented by the shifted Grassmann algebra (^(M)[l], A, [., .]sn), A'(M) = r(ArM), 
of polyvectors of a manifold M, endowed with the Schouten-Nijenhuis bracket [.,.]sn (whereas the 
Hochschild (resp. the Chevalley-Eilenberg) dgLa is generated by the space of multilinear (resp. skew- 
symmetric multilinear) mappings of the underlying vector space, endowed with the Gerstenhaber (resp. 
the Nijenhuis-Richardson) graded Lie bracket). 

* University of Luxembourg, Campus Limpertsberg, Institute of Mathematics, 162A, avenue de la Fai'encerie, 
L-1511 Luxembourg City, Grand-Duchy of Luxembourg, E-mail: mourad. ammar@uni.lu, guy.kass@uni.lu, nor- 
bert. poncinOuni.lu. The research of M. Ammar and N. Poncin was supported by grant R1F105L10. The last author 
also thanks the Erwin Schrodinger Institute in Vienna for hospitality and support during his visits in 2006 and 2007. 

tUniversite Henri Poincare, Institut Elie Cartan, B.P. 239, F-54 506 Vandoeuvre-les-Nancy Cedex, France, E-mail: 
Mohsen. MasmoudiOiecn. u-nancy.fr 



Classical r-matrix induced tensors, Koszul cohomology, and Poisson cohomology 



2 



Alternatively, LP-cohomology can be viewed as the Lie algebroid (Lad) cohomology of the Lie 
algebroid (T*M, {.,.}, jj) canonically associated with an arbitrary Poisson manifold {M, A) (usual no- 
tations). The cohomology of a Lad {E M, |.,.],p) (or, equivalently, a Q-structure on a super- 
manifold) is defined as the cohomology of the Chevalley-Eilenberg subcomplex of the representation 
p : r{E) Dcr(C°°(M)), made up by tensorial cochains. Algebraically, LP-cohomology is defined 
as the adjoint Chevalley-Eilenberg cohomology of any Poisson-Lie algebra, restricted to the cochain 
subspace of skew-symmetric multiderivations. 

More detailed descriptions of Poisson cohomology can be found e.g. in [Lic77j or [Vai94j . 



Many papers on Poisson cohomology and Poisson homology, [Kos85] , Bry88| , have been published 



during the last decades. Cohomology of regular Poisson manifolds, [Vai90| . [Xu92j . (co)homology 
and resolutions, |Hue90| . duality, [Hue97| . [Xu97| . [ELW99| . cohomology in low dimensions or spe- 
cific cases, |Nak97| . |Gin99| . |Gam02| . |Mon02,l| , |Mon02,2| , [RV02| . |Roy02| , [PicOSj . extensions of 
Poisson cohomology, e.g. Lie algebroid cohomology, Jacobi cohomology, Nambu-Poisson cohomology, 
double Poisson cohomology, and graded Jacobi cohomology, |LMP97j . [ILLMPOlj . [MonOlj . (GMOSj . 
[LLMP03] , |Nak06| , [PW07j , are only some of the investigated problems. Let us also mention our own 
works, MP 06] , [AP07], in which we suggest an approach to the cohomology of the Poisson tensors of 
the Dufour-Haraki classification (DHC). 

In this paper, we focus on the formal LP-cohomology associated with the quadratic Poisson tensors 
(QPT) A of R" that read as real linear combination 

A = ^ a'^Y, A Yj =: ^ a'^Fy , a'^ € R (1) 

i<j i<j 

of the wedge products of n commuting Hnear vector fields Yi, . . . , 1^, such that Yi A. . .AF„ —: Yi...,i / 0. 
Let us recall that "formal" means that we substitute the space R[[a;i, . . . ,Xn]] <Xi AR" of multivectors 
with coefficients in the formal series for the usual Poisson cochain space A'(R") = C°°(M") (8) AR". 
Furthermore, the reader may think about QPT of type ^ as QPT implemented by a classical r-matrix 
in their stabilizer for the canonical matrix action. 

Hence, in Section 2, we are interested in the characterization of the QPT that are images of a 
classical r-matrix. We comment on the tight relation between the fact that a QPT is induced by 
an r-matrix and the dimension of its stabilizer. We prove that if the stabilizer of a given QPT A 
of R" contains n commuting linear vector fields Yi, such that Yi...„ ^ 0, then A is implemented by 
an r-matrix in its stabilizer, see Theorem [TJ In the following, we refer to such tensors as strongly 
r-matrix induced (SRMI) structures and show that any structure of the DHC decomposes into the 
sum of a major SRMI structure and a small compatible (mostly exact) Poisson tensor, see Theorem 
m This decomposition constitutes the foundation of our cohomological techniques proposed in |MP06j 
and [AP07j . The preceding description and the philosophy of the mentioned cohomological modus 
operandi allow understanding that our splitting is in some sense in opposition to the one proven in 
[LX92j that incorporates the largest possible part of the Poisson tensor into the exact term. 

In [MP06| . two of us developed a cohomological method in the Euclidean Three-Space that led 
to a significant simplification of LP-cohomology computations for the SRMI structures of the DHC. 
Section 3 of the present note aims for extension of this procedure to arbitrary dimensional vector 
spaces. Nontrivial lemmata allow injecting the space TZ of "real" LP-cochains (formal multivector fields) 
into a larger space V of "potential" cochains, see Theorem O and identifying the natural extension 
to V of the LP-differential as the Koszul differential associated with n commuting endomorphisms 
Xi — {div Xi) id, Xi = J^j Q^'"'^'; ct"'* = —a'-', of the space made up by the polynomials on R" with 
some fixed homogeneous degree. Theorems U and [SI We then choose a space S supplementary to TZ in 
V and show that the LP-differential induces a differential on S. Eventually, we end up with a short 
exact sequence of differential spaces and an exact triangle in cohomology. It could be proven that 
the LP-cohomology (7?,-cohomology) reduces, essentially, to the above-depicted Koszul cohomology 
(P-cohomology) and a relative cohomology (iS-cohomology) , see Theorem [6l 

In order to take advantage of these upshots, we investigate in Section 4 the Koszul cohomology 
associated to n commuting linear operators on a finite-dimensional complex vector space. We prove a 
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homotopy-type formula, see Proposition [SI and — using spectral properties — we show that the Koszul 
cohomology is, roughly spoken, located inside (a direct sum of intersections of) the kernels of some 
transformations that can be constructed recursively from the initially considered operators. Proposition 
Eland Corollary [21 

In Section 5, we apply this result, gain valuable insight into the structure of the Koszul cohomol- 
ogy implemented by SRMI tensors, and show that in order to compute this central part of Poisson 
cohomology it basically suffices to solve triangular systems of linear equations. 

Section 6 contains a full description of the LP-cohomology spaces of structures A3 and Ag of the 
DHC. 

Eventually, the aforementioned general upshots and our growing list of explicit data allow describing 
the main LP-cohomological phenomena, see Section 7. 

2 Characterization of strongly r-matrix induced Poisson struc- 
tures 

2.1 Stabilizer dimension and r-matrix generation 

Poisson structures implemented by an r-matrix are of importance, e.g. in Deformation Quan- 
tization, especially in view of Drinfeld's method. In the following, we report on an idea regarding 
generation of quadratic Poisson tensors by classical r-matrices. 

Set G = GL(n,R) and g = gl(r7,,]R). The Lie algebra isomorphism between g and the algebra 
X^{W'-) of linear vector fields, extends to a Grassmann algebra and a graded Poisson-Lie algebra 
homomorphism J : Ag ^ (Bk (iS'^M"* (E> a'^R") . It is known that its restriction 

j'' : A'^g ^ S'^W* ® a'^M" 

is onto, but has a non-trivial kernel if /c, n > 2. In particular, 

J^h7-]sN = [./V, JV]sn, rGgAg, 

where [.,.]sN is the Schouten-Nijenhuis bracket. These observations allow to understand that the 
characterization of the quadratic Poisson structures that are implemented by a classical r-matrix, i.e. 
a bimatrix r S g A g that verifies the Classical Yang-Baxter Equation [r, r]sN = 0, is an open problem. 

Quadratic Poisson tensors Ai and A2 are equivalent if and only if there is A G G such that 
A,Ai = A2, where * denotes the standard action of G on tensors of R". As is a G- module 
homomorphism, i.e. 

= j2(Ad(A)r), A e G,r eg Ag, 

the G-orbit of a quadratic Poisson structure A = J^r is the pointwise J^-image of the G-orbit of r. 
Furthermore, representation Ad acts by graded Lie algebra homomorphisms, i.e. 

Ad(v4)[r,r]sN = [Ad(A)r, Ad(A)r]sN. 

Hence, if A = J^r, where r is a classical r-matrix, the whole orbit of this quadratic Poisson tensor is 
made up by r-matrix induced structures. 

Of course, any quadratic Poisson tensor A is implemented by bimatrices r G g A g. In order to 
determine wether the G-orbit Oa of this tensor is generated by r-matrices, we have to take an interest 
in the preimage 

{J y (Oa) = Ure(j2)-iA0r, 

composed of the G-orbits Or of all the bimatrices r that are mapped on A by J^. We claim that the 
chances that a fiber of this bundle is located inside r-matrices are the bigger, the smaller is Oa. In 
other words, the dimension of the isotropy Lie group Ga of A, or of its Lie algebra, the stabilizer 



gA = {a e g : [A, Ja]sN = 0} 
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of A for the corresponding infinitesimal action, should be big enough. In addition to the ostensible 
intuitive clearness of this conjecture, positive evidence comes from the fact that, in M.'^, the Poisson 
tensor A — {xf + X2X3)d23, 823 := 82 Ad^, di :— d/dx^, is not r-matrix induced, see ^MMR02J, and the 
dimension of its stabilizer is dimgA = 2, as well as from the following theorem (we implicitly identify 
stabilizer flA C g and the (isomorphic) Lie subalgebra J^gA ^ {Y e Xq{W"-) : [A,y]sN = 0} C (M") 
of linear vector fields of M"). 

Theorem 1. Let A be a quadratic Poisson tensor o/M". // its stabilizer g\ contains n commuting 
linear vector fields Yi, i e {1, . . . , n}, such that Yl A . . . A y„ 7^ 0, then A is implemented by a classical 
r-matrix that belongs to the stabilizer, i.e. A — J^a, [a,a]sN = 0, a G 0a AgA- 

Proof. Let (xi, . . . ,Xn) be the canonical coordinates of R". Set dr — dx^ and Yi = J2^=i^irdr, 
with £ G gl(n, M"*). The determinant D = det£ does not vanish everywhere, since Fl...„ = Ddi,, n and 
Yi,,,n 7^ 0. At any point of the nonempty open subset Z = e M", D{x) ^ 0} of M", the Y^ form a 
basis of the corresponding tangent space of M". Moreover, in Z, we get 

a,, ^ D-^ (L'L', - L^L'^ ) Y,, =: D'^^ ^ Q^Y,,, 

k<l k<l 

where L denotes the matrix of maximal algebraic minors of i, and where Qfj e iS^"~^]R"*. Hence, if 
the quadratic Poisson tensor A reads A = TliKj ^^''^ij, A*^ S 5^E"*, we have in Z, 

k<l i<j k<l 

where P*^' G S^"W"-* . We now prove that the rational functions £)-2p*:i ^^.^ actually constants. Since 
the Yi are commuting vector fields in 2\, the commutation relations = and [A, I^Jsn = 0, 

hj S {1; ■ • ■ j"}; hold true. It follows that 

n 

Y, {D-''P''') - ^-^^ {D-^P"') =0- ie{l,...,n}, 

r=l 

everywhere in Z, and, as £ is invertible in Z, that dr (D^^pfcfj = 0, r G {1, . . . , n}. Hence, P''' = 
a^^D'^ , Qf*^' G K, in each connected component of Z. As these components are open subsets of R", the 
last result holds in M" (in particular the constants a^^ associated with different connected components 
coincide). Eventually, 

A = 5]a'='n, = j2 

k<l \k<l / 

where = {J^)~^Yi G 0a- Since the Oi are (just as the Yi) mutually commuting, it is clear that the 
bimatrix r = J2k<i ^''''^ki G 0a A 0a verifies the classical Yang-Baxter equation. I 

Definition 1. We refer to a quadratic Poisson structure A that is implemented by a classical r-matrix 
r G 0A A0A; where qa denotes the stabilizer of A for the canonical matrix action, as a strongly r-matrix 
induced {SRMI ) tensor. 

2.2 Classification theorem in Euclidean Three-Space 

Two concepts of exact Poisson structure — tightly related with two special cohomology classes — are 
used below. Let A be a Poisson tensor on a smooth manifold M oriented by a volume element VI. We 
say that A, which is of course a LP-2-cocycle, is LP-exact (Lichnerowicz-Poisson), if 

A-[A,X]sN, X^X\M), 

[vector field X is called Liouville vector field and the cohomology class of A is the obstruction to 
infinitesimal rescaling of A], and we term A K-exact (Koszul), if 

A = 5{T), T G X^{M). 
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Operator 6 :— (p^^ o d o (p is the puUback of the de Rham differential d by the canonical vector space 
isomorphism </) := i.fl. Although introduced earlier, the generalized divergence 6 iS{X) = divn X, X G 
X^{M)) is prevalently attributed to J.-L. Koszul. The curl vector field K{A) := (5(A) of A (if is the 
standard volume of and A is identified with a vector field A of R^^, K{A) coincides with the standard 
curl V A A) is an LP-l-cocycle (which maps a function to the divergence of its Hamiltonian vector 
field, and the cohomology class of which is the well-known modular class of A [this class is independent 
of f2 and is the obstruction to existence on M of a measure preserved by all Poisson automorphisms] 
that is relevant e.g. in the classification of Poisson structures, see jDH91) . |GMP93j . |LX92j . and in 
Poincare duality, see jELW99j . [iLLMPOlj ). In R", n > 3, a Poisson tensor A is K-exact, if and only 
if it is "irrotational" , i.e. K{A) = 0, and in K^, K-exact means "function- induced" , i.e. 

A = n/ -d.f 823 + 82/ dsi+dsfdri, /eC°°(M3). 

The K-exact quadratic Poisson tensors Hp of M.^, i.e. the K-exact Poisson structures that are induced 
by a homogeneous polynomial p G represent class 14 of the DHC. The cohomology of this class 

has been studied in [Pic05| (actually the author deals with structures lip implemented by a weight 
homogeneous polynomial p with an isolated singularity). Hence, class 14 of the DHC will not be 
examined in the current work. 

Let us also recall that two Poisson tensors Ai and A2 are compatible, if their sum is again a Poisson 
structure, i.e. if [Ai, A2]sn = 0. 

The following theorem classifies the quadratic Poisson classes according to their membership of the 
family of strongly r-matrix induced structures. Furthermore, we show that any structure reads as the 
sum of a major strongly r-matrix induced tensor and a small compatible Poisson structure. On one 
hand, this membership entails accessibility to the cohoniological technique exemplified in |MP06j . on 
the other, this splitting — which, by the way, differs from the decomposition suggested in |LX92] in the 
sense that we incorporate the biggest possible part of the structure into the strongly induced term — is 
of particular importance with regard to the cohomological approach detailed in [AP07j . 

Theorem 2. Let a, 6, c G M and let Ai [i G {1, . . . , 13}) be the quadratic Poisson tensors of the DHC, 
see WH91f . Denote the canonical coordinates ofR^ by x,y,z (or xi,X2,X3) and the partial derivatives 
with respect to these coordinates by 81,82, 83 {dij = di /\ dj). 

//dimgA > 3 (subscript i omitted), there are mutually commuting linear vector fields Yi,Y2,Y3, 
such that 

A = aY23 + PY31 + jYi2 (a, /3, 7 G M), 

so that A is strongly r-matrix induced (SRMI), i.e. implemented by a classical r-matrix in 0aA0a. In the 
following classification of the quadratic Poisson tensors with regard to property SRMI, we decompose 
each not SRMI tensor into the sum of a major SRMI structure and a smaller compatible quadratic 
Poisson tensor. 

• Set Yi = x8i , Y2 = yd2, Y3 = Z83 

1. Ai — ayz823 + bxz83i -\- cxy8i2 is SRMI for all values of the parameters a,b,c. More 
precisely, 

Ai = 0^23 + bYsi + cYi2 

2. A4 — ayz823 -\- 0x2631 + {bxy + z'^)8i2 is not SRMI if and only if (a, b) 7^ (0, 0). We have, 

A4 = a{Y23 + Y31) +bYi2 + ^n,3 

• Set Yi = x8i + yd2,Y2 ^ X82 - ydi,Y3 = 283 

1. A2 = {2ax — by)zd23 + (6a; + 2ay)z83i + a(.T^ + y^)8i2 is SRMI for any a, b. More precisely. 



A2 = 2a Y23 + bY3i+a Y12 
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2. A7 = ((2a + c)x - by) 2823 + (bx + (2a + c)y) zdzi + a{x^ + y^)di2 is SRMI for all a, b, c. 
More precisely, 

A7 = (2a + c)Y23 + bY3i+a Y12 

3. As = axzd23 + ayzd3i + {^{x'^ + y'^) ± z^) is not SRMI if and only if (a,b) ^ (0,0). 
We have, 

As = a Y23 + ^^Yi2 ± in^3 

• Set Yi = xdi + yd2,Y2 = xd2,Y3 = 283 

1. A3 — {2x — ay)zd23 + axzd3i + x^di2 is SRMI for any a. More precisely, 

A3 = 2^23 +0^31+^12 

2. A5 = ((2a + l)x + y) 2823 ~ xzd3i +ax^di2 {a ^ -i) is SRMI for any a. More precisely. 

As = {2a + l)Y23-Y3i+aYi2 

3. Ag = ay 2823 ~ 0x2831 — ^x^di2 is SRMI for any a. More precisely, 

Ag = -ay3i - ^Yi2 

• Set Yi= £ := xdi + y82 + 283, Y2 = X82 + y83, Y3 = xd3 

1. Ag = {ax^ — ^y^ + \x2)823 + \xy831 — \x^di2 is SRMI for any a. More precisely. 

Kg — a Y23 — 2^12 

2. Aio = [ay"^ - (4a + l)xz) 823 + (2a + l)xyd3i - (2a + l)a;^9i2 is not SRMI if and only if 
a 7^ — i. We have, 

Aio = -(2a + 1)^12 + (3a + l){y'' - 2x2)823 

• Set Yi =S,Y2= x82,Y3 = {ax+{3b+ 1)2) 83 

1. All = {ax"^ + (26 + l)xz) 823 + {bx"^ + cz2)5i2 (a = 0) is not SRMI if and only if c ^ 0. 
We have, 

All Y23 + bYi2 + ^U,3 

2. A12 = {ax^ + [2b + l)xz) 823 + [bx"^ + c 2^)812 [a = 1) is not SRMI if and only if c 0. 
We have, 

Ai2 = Y23 + bYi2 + ^U,3 

3. Ai3 = {ax^ + {2b +1) xz + z"^) 823 + (bx'^ + cz"^ + 2xz)8i2 is not SRMI for any a, b, c. We 
have, 

Al3 = Y23+bYi2+Ii^.3+xz-^ 

Proof. Let us first mention that the specified basic fields Yi , I2 , Y3 have been read in the stabilizers 
of the considered Poisson tensors, but that we refrain from publishing the often fairly protracted 
stabilizer-computations. Indeed, once the vector fields Yi are known, it is easily checked that, in the 
SRMI cases, they verify the assumptions of Theorem [T] Thus the corresponding Poisson structures 
are actually SRMI tensors. In order to ascertain that a quadratic Poisson structure A is not SRMI, it 
suffices to prove that A ^ J^(0a A gA). This will be done thereinafter. All the quoted decompositions 
can be directly verified. In most instances, the twist is obviously Poisson, so that compatibility follows. 
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In the case of Aio, the twist Aio,ii = (y^ — 2xz)d23 is a non-K-exact Poisson structure. This is a direct 
consequence of the result ^^^(Aio,!!) = V A Aio.ii — —2xd2 — ^yd^ ^ and the handy formula 

\P, Q]sN = {-\YD{P A Q) - D{P) A g - {-VfP A D{Q)yP e XP(M),Q G ;f«(M). 

The statement regarding the dimension of stabilizer gA is obvious in view of the following main part 
of this proof. 

Denote by Eij {i,j G {1,2,3}) the canonical basis of gl(3,R). 

• For A4, if (a, b) ^ (0, 0), stabihzer and the image J^(0A4 A 0A4) are generated by 

{^Eii + E22,^En + E33) and yzd23 - ^xzdsi ~ ^xydu, 

respectively. Hence, A4 is not SRMI. 

• For Ag, if (a, b) ^ (0, 0), the generators of ^As and J'^(sas A flAs) are 

(£^11 + £^22 + £33, £^12 - E21) and - xzd23 - yzdsi + (x^ + y^)di2. 
So As is not SRMI. 

• For Aio, if a 7^ — i, the generators are 

iEii+ E22 + E33,Ei2 + E23) and {y"^ - xz)d23 - xyd3i + x'^di2. 

• For All, c ^ 0, A12, c^ 0, and A13, the generators are 

(£11 +£22 +£33, £^12, £32) and {-xzd23 + x'^di2,z'^d23 - xzdi2).t 

Remarks. 

• For A — Ai, i g {11, 12, 13}, c ^ if i £ {11, 12}, the dimension of the stabilizer is dim 0a = 3, 
whereas JgA A Jqa A Jqa = {0}. Hence, if the dimension of the stabilizer coincides with the 
dimension of the space, the Poisson structure is not necessarily a SRMI tensor. 

• For Aio e.g., the decomposition proved in |LX92| yields 

3 Poisson cohomology of quadratic structures in a finite- 
dimensional vector space 

3.1 Koszul homology and cohomology 

Let A — An{ff) be the Grassmann algebra on n g No generators fj = (771, .. . i.e. the algebra 
generated over a field F of characteristic (in this work F = R or F = C) by generators r^i , . . . , 77^ 
subject to the anticommutation relations r]krii + rjir^k = 0, fc, e {1, . . . ,n}. Set A = ®^^qA^ , with 
obvious notations, and let h = {hi, . . . , /i„) be dual generators: ihkVe — ^ki- We also need the creation 
operator e,,^ : A 3 ^ 77^ G A and the annihilation operator 1/^, : A 3 w — > ihk'^ £ A, where 
the interior product is defined as usual. Eventually, we denote by i? a vector space over F and by 
X = (Xi, . . . , Xn) an n-tuple of commuting linear operators on E. 

Definition 2. The complex 

^ £ (»F A" ^ £ ®F A"-^ ^ . . . ^ £ ®F A^ ^ £ ^ 0, 

with differential Hji — X]fe=i ^k ®ihk! ^■s Koszul chain complex (K^,-complex) K^{X, E) associated 
with X on E. The Koszul homology group is denoted by KH^{X, E). 
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Definition 3. The complex 

^ E E®v . .. ^ E C^w A""^ ^ ®F A" ^ 0, 

with differential ICj^ = X]fe=i -^k ^ Cr^^, is the Koszul cochain complex (K* -complex) K*{X, E) associ- 
ated with X on E. We denote by KH*{X,E) the corresponding Koszul cohomology group. 

Observe that commutation of the X^ and anticommutation of the ihy. (resp. the e^^,) entail that 
(resp. IC^) actuaUy squares to 0. 

Example 1. It is easily checked that, if we choose F = K, £' = C°°(M'^), rjk = dxk (resp. rjk — 
dk = dx^ and hk — dxk), and Xk = dk {k £ {1,2,3}, xi,X2,X3 canonical coordinates of R^), the 
i4r*-complex (resp. the if^-complex) is nothing but the de Rham complex (rj(R^),d) (resp. its dual 
version (A'(]R^), S), see above). Note that, if we identify the subspaces il''(R'^) of homogeneous forms 
with the corresponding spaces of components E, E^ , E^ , E, this iir*-complex reads 

^ E ^=S'-' E^ ^=%'^' E^ ^=V' E^O, (2) 
with self-explaining notations. 

Example 2. For F = M, = SR^* = R[xi, 0:2, xg], rjk = dk, Xk = mp, {k e {1,2,3}, Pk £ E"^" , 
d/c S N, mp^, : E 3 Q ^ PkQ & E), the chain spaces of the /iT* -complex are the spaces of homogeneous 
polyvector fields on R^ with polynomial coefficients, and anew identification with the corresponding 
spaces E, E^, E^, E of components, allows to write this iiT^-complex in the form 

^ E ''=i;'^ E^ '^=U'^^^ E^ ^-H-"" E^O, (3) 

where P = (P,,P2,P3). 



Remarks. 

• Of course, the Koszul cohomology and homology complexes defined in Example 1 are exact, 
expect that KH°{d, C°°(R3)) ~ KH^id, C°°{R^)) ~ R. 

• Let us recall that an i?-regular sequence on a module M over a commutative unit ring R, is a 
sequence (ri, . . . , r^) £ R'^, such that is not a zero divisor on the quotient M / {ri, . . . , rk-i)M , 
k 6 {1, . . . , c?}, and M/(ri, . . . , rd)M ^ 0. In particular, xi, . . . , is a (maximal length) regular 
sequence on the polynomial ring R = ¥[xi, . . . , xa] (so that this ring has depth d). 

It is well-known that the if^-complex described in Example 2 is exact, except for surjectivity of 
K = (.) • P, if sequence P = (^1,^2,^3) is regular for R[xi, 2:2, 0:3]. For instance, if P = Vp, 
where p is a homogeneous polynomial with an isolated singularity at the origin, sequence P is 
regular, see |Pic05| . 



3.2 Poisson cohomology in dimension 3 

Set £; := C°°(R3) and identify— as above— the spaces of homogeneous multivector fields in R , 
with the corresponding component spaces: X°{R?) ^ X^{R?) ~ E and ^'^(R^) ~ X'^{R^) ~ E'^ . 

Let A = (Ai,A2,A3) e E'^ be a Poisson tensor and f e E, X e E^ , B e E^ ,T e E a. 0-, 1-, 2-, 
and 3-cochain of the LP-complex. The following formulae for the LP-coboundary operator 9^ can be 
obtained by straightforward computations: 

V/AA, 

(V • X)A - V(X ■ A) + X A (V A A), 
-(VAP) • A-P- (V AA), 
0. 



A-' 

dix = 

A 

diB = 
dtr = 
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If we denote the differential detailed in Equation ^ (resp. in Equation ([3]) if P = A, in Equation ^ 
if P = V A A) by /C (resp. n', k"), we get 

d\ = k'/C, d\ ^ k'IC - ICk' + k", d\ = -k'/C - k", d\ = 0. (4) 

As aforementioned, investigations are confined in this paper to quadratic Poisson tensors and 
polynomial (or formal) LP-cochains. If structure A is iiT-exact, i.e., in view of notations due to 
the elimination of the module basis of multivector fields, A = Vp {p G <^ V A A = 0, 

homology operator k," vanishes. If, moreover, p has an isolated singularity (IS), not only the K*- 
complex associated with /C is exact up to injectivity oi K, — V(.), but also the _ftr*-complex associated 
with k' is, see above, acyclic up to surjectivity of n' — (.) • A. In [Pic05| . the author has computed 
inter alia the LP-cohomology for a weight-homogeneous polynomial p with an IS. 

Below, we describe a generic cohomological technique for SRMI Poisson tensors in a finite- 
dimensional vector space. This approach extends Formulas ^ to dimension n and reduces simul- 
taneously the LP-coboundary operator 9a to a single Koszul differential. 

3.3 Poisson cohomology in dimension n 

We denote by L the matrix of maximal minors of a matrix ^ G gl(n,R"*) (or of a matrix with 
entries in a field F of non-zero characteristic), so Lij is the minor of £ obtained by cancellation of line i 
and column j. More generally, if i/ = {1, . . . , n}, i = (ii, . . . , i,„) G v"^ {ii < . . . < im, m € {!,..., n}), 
we denote by I = (/i, . . . , In-m) the complement of i in i^. If j = (ji, . . . ,jm) is an m-tuple similar 
to i, we denote by Ly the minor of (. obtained by cancellation of the lines i and the columns j, and 
by L'j the minor of I at the intersections of lines i and columns j. Hence, Ly = L'"* and Lu = UK 
Moreover, D = det^ G S'^W^* is the determinant of ^, £ stands for the matrix of maximal minors of 
L G gl(n,vS"'~^R"*), and we apply the just introduced notations £ij and also to £. Eventually, as 
already mentioned above, L denotes the matrix of algebraic maximal minors of t. 

Remark. In the following, we systematically assume that D 0, i.e. that polynomial D does not 
vanish everywhere. 

Lemma 1. For any m G {1, . . . , n — 1} and for any i — (ii, . . . , im), j = (ji, . . . ,jm) as above, we 
have 

The first ( resp. second ) equation also holds for m = ( resp. ni — n ). In this case it just means 
that detP = 

Proof. Of course, the second statement is nothing but a reformulation of the first. We prove the 
first assertion by induction on m. For m = n — 1, the assertion is obvious. Indeed, the both sides 
coincide with the element L/j of L at the intersection of the line I and the column J . Assume now 
that the equation holds true for 2 < m < n — 1 and take any i = (ii, . . . , im-i) and j = (ji, . . . , jm-i) 
of length m — 1. Let j,„ be an (arbitrary) element of (n — m -f l)-tuple I. We will also have to consider 
the TO-tuple i = (ii, . . . , i^, . . . , i,n~l)^ where the elements have of course been written in the natural 
order ii < . . . < im < ■ . ■ < im-i- The rank of im inside I and i will be denoted be ri{im) and ri(im) 
respectively. Using these notations, we get 

£ij = £" = Yl 

Applying the induction assumption, we see that £ij = D"^'™~^ L^, so that 

where V{i) is the permutation group of j, and where the first sum could be extended to all j„i G i^, 
as for jm G j the last determinant vanishes. It is clear that we obtain all the permutations a of j, if 
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we assign j,n to ip (p £ {1, . . . , m}) and, for each choice of p, all the permutations /i £ T'Q) to the 
remaining subscripts iq. Observe that the signature of the permutation a that associates j„i with ip 
and permutes j by fi, is signa = (— sign/i. Hence, we get 



Remark now that the exponent of —1 can be replaced by 

Thus, the last sum reads (—l)'"-^*"^^''-^'"-' X]j„ei>(~-'^)*'" ^«pJ"i-^«".J"«- P ™' this sum vanishes, 
and if p = m it coincides with determinant D. Eventually, we find 

Definition 4. Lei Yi = '}2,^tirdr he n linear vector fields in R". S'ei 
and 

where D ~ det^ and where Afj(9) and A^(y} are i/ie terms of degree p of the Grassmann algebras on 
generators d = . . . , 9„) and y = (yi, . . . ,Yn) respectively. Space TZ (resp. V) is the space of real 
formal LP-cochains (resp. potential formal LP-cochains). 

Remark. The space of polyvector fields Ik = Yk^,,,k^ = Yk^ A ... A Y/cp (fci < . . . < fcp,p G {0, . . . , n}) 
with coefficients in the quotients by D of formal power series in (xi, . . . , a;„), is a concrete model of 
space V. Indeed, observe first that these spaces are bigraded by the "exterior degree" p and the (total) 
"polynomial degree" , say r. If such a polyvector field vanishes, its homogeneous terms P^^Yy^ 
^pkr g 5'']^"*) vanish. If we decompose the Yi (i £ {1, . . . ,n}) in the natural basis di, we immediately 
see that the sums J^k^^^^^^ vanish for all i — {ii,...,ip) {ii < ... < ip). Since these sums can 
be viewed as the product of a matrix with polynomial entries and the column made up by the P'^ , 
the column vanishes outside the vanishing set V of the homogeneous polynomial determinant of this 
matrix. As the complement of (the conic closed) subset V of M" is dense in M", the polynomials P^^ 
vanish everywhere. 

Tiieorem 3. (i) There is a canonical non surjective injection i -.TZ V from TZ into V . 
(ii) A homogeneous potential cochain D^^^^P^^Y^ [of bidegree {p,r)] is real if and only if the 
[nl/pl{n — p)l] homogeneous polynomials ^j^i'^'P'^'' [of degree p + r] are divisible by D {for p — 
this condition means that P^ be divisible by D). 

Proof. Take a real cochain C — <^'9i £ TZ^ , where, as above, i = {ii, . . . , ip), ii < . . . < ip. As 
dj = D^^ Y.k Lfejife, we get 

di^D-P Lk,^,...Lk^i^Yk,...k^^D-P Y sign^L,,,^,, ...L^,^, 1 yfel.../cp• 

fcl,...,fcp fci<...<fcp yo-GPCk) J 

If |i|= X]j=i *j i it follows from Lemma [U that the determinant in the above bracket is given by 

(_^)|i|+|k|^ki ^ (_i)|i|+|k|^P-iij^.^ 

so that 



CP = Z)-iX^(^^(-l)l'l+l'^lLki^^^lk, 
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where the RHS is in VP. 

Point (ii) is a direct consequence of the preceding remark. I 

Remark. In view of this theorem, the bigrading V = ®p=o ®r^o V^^, defined on P by the exterior 
degree and the polynomial degree, induces a bigrading TZ — ©p=o ®r^o ^^'^ '^^ ^■ 

Consider now a quadratic Poisson tensor A in W\ In the following, we assume that A is SRMI, and 
more precisely that there are n mutually commuting linear vector fields Yi = X]r=i ^irdr, t G gl(^i R"*), 
such that D = det £ 7^ and 

K = ^a'^Y,j (a'^'eM). 

i<j 

Proposition 1. The determinant D = Acid G iS"M"* \ {0} 0/ i is the unique joint eigenvector of 
the Yi with eigenvalues divl^ S M, i.e., D is, up to multiplication by nonzero constants, the unique 
nonzero polynomial o/M" that verifies 

Y,D ^ {divY,)D,yi e {l,...,n}. 

Moreover, if D = D1D2, where Di G iS"i]R"* and D2 G ^"^M"* (ni + n2 = n) are two polynomials 
without common divisor, these factors Di and D2 are also joint eigenvectors. If Xi and denote their 
eigenvalues, we have Xi + fii = divl^. 

Proof Set Yi = J^r^ir^r = J2rs "-ir^sdr, a.f^ G K. Notc first that Yi{ljr) = Z]t"*r^itj a^^d that 
\Yi, Yj] = means Yi{£jr) = Yj{£ir), for all i,j, r G {1, . . . , n}. If Vn denotes the permutation group of 
{1, . . . , n}, we then get 

n 

k=l a-eVn 
n 

= ^ ^ signer . . . (iik) . . . £a„n 

k=l a-eVn 
n 

= ^^^^^ Cll • ■ • ^T^^t ■ • ■ C„n- 

fc,i=i ueVn 

This last sum vanishes if k ^ t since two columns coincide in this determinant. Eventually, we have 

Y,D^ (^ai^D^idWY,)D. 

As for uniqueness, suppose that there is another polynomial P G iSM"* \ {0}, such that YiP — 
{divY,)P, for aU i G {l,...,n}. Then Y,{P/D) = in Z = {a; G M.",D{x) ^ 0} and the same 
reasoning as in the proof of Theorem [T] allows concluding that there exists a G M* such that P = aD. 

The assertion concerning the factorization of D is easily understood. Indeed, since {{diyYi)Di — 
YiDi)D2 — Di{YiD2) and as the polynomials Di and D2 have no common divisor, YiD2 — PD2 and 
{divYi)Di — YiDi = QDi, where P = Q is a polynomial. Looking at degrees, we immediately see that 
P = Q is necessarily constant. I 

Remark. Observe that the eigenvalues divl^, i G {1, . . . ,n}, cannot vanish simultaneously. Indeed, 
in this case, polynomial D G iS"M"* \ {0}, 71 G N*, vanishes everywhere. 

Definition 5. The complex 

^ 7^° ^ ^ . . . ^ 7^" ^ 

with differential d\ ~ [A, .]sN; is the formal LP-complex of Poisson tensor A G iS^M"* ® A^M". We 
denote the corresponding cohomology groups by LH*{TZ,A). 
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The next theorem shows that if the cochains C ^ TZ are read a& C — iC ^ V, the LP-diffcrcntial 
assumes a simpUfied shape. 

Theorem 4. Set A = X;,<j c^'Y^j, a^' = -a^^ , and X, = Y.J^^ c^'^Yj- 
(i) Let 

k 

be a homogeneous potential cochain. The LP-cohoundary of C is given by 

OaC = ^X,(l?-ip'"-) A Fk = D-^ J2 - id)(P'"^) A Fk e (5) 

ki ki 

where Si = divX,; G R. 

('iij T/ie LP-coboundary operator dt^ endows V with a differential complex structure, and preserves the 
polynomial degree r. This LP-complex of K over V contains the LP-complex (7^, 9a) of A over TZ as a 
differential sub- complex. 

Proof. Note first that if C = /Y, where / a function and Y a wedge product of vector fields Yk, 
we get 

aA(/Y) = [A,/Y]sN-[A,/]sNAY, (6) 
since the Yk are mutually commuting. However, 

[A, /]SN = E a^' mf)Y, ~ {Y,f)Y,) = J^iT. ^J"/)^^ = E(^^/)^- (7) 

i<j i j^i i 

When combining Equations ^ and ([7]) , we get the first part of Equation ^ , whereas its second part 
is the consequence of Proposition [TJ I 

Corollary 1. The LP-cohomology groups of A overTZ andV are bigraded, i.e. 

LH{n, A) = ©;^o LHP^{n, A) and LH{P, A) = (B^o ®p=o i^^'C^, A), 

where for instance LH^^lP, A) is defined by 

LRP^V^A) = ker(aA : V^'' ^ VP+^'') / im{dA : PP-^^'' V^''). 

In the following we deal with the terms LP*''(V, A) = ^p^o^PP'^iV, A) of the LP-cohomology over 
V and with the corresponding part of LP-cohomology the subcomplex TZ. 

Theorem 5. Let Er be the real finite- dimensional vector space 5'''M"*, and let Xg := {Xi — 
Slid, . . . , Xn — Snid), 6i — divX^, be the n-tuple of the commuting linear operators Xi — 6i id on 
Er defined in Theorem^ The LP-cohomology space LH*^{V, A) of A over V coincides with the 
Koszul cohomology space KH*(Xs, Er) associated with Xg on Er: 

LH*'-{V,A) ~ KH*{Xs,Er). 

Proof. Direct consequence of result 9a = J2ii-^i ^ i^) ® proved in Theorem H) I 

In order to study the LP-cohomology group LH-^ {TZ, A) of the quadratic Poisson tensor A over the 
formal cochain space TZ, we introduce a long cohomology exact sequence. 

Let SP'' be a complementary vector subspace of Te?"^ in PP': PP'' = TZP''®SPr Space S = ®^o®p=o 
can easily be promoted into the category of differential spaces. Indeed, denote by p-ji and pg the 
projections of P onto TZ and S respectively, and set for any s G 5, 

(t>s = pndAS, Bas = psOas. 



Classical r-matrix induced tensors, Koszul cohomology, and Poisson cohomology 



13 



Proposition 2. (i) The endomorphism d\ G EndRiS is a differential on S, which has weight (1,0) 
with respect to the bigrading of S, i.e. Oa ■ 5*"' — > 5^+1'''. 

(a) The linear map </> G HomK(iS, TZ) is an anti-homoraorphism of differential spaces from [S, Oa) into 
(TZjOa). Its weight with respect to the bidegree is (1,0), i.e. (j> : 5^"" — ^ TiP^^'^ . 

(Hi) The sequence is a short exact sequence of homomorphisms of differential 

spaces, which preserve the bidegree. It induces an exact triangle in cohomology, whose connecting 
homomorphism cf)^ is canonically implemented by (p. If LHP^(S, A) denotes the degree {p,r) term of 
the cohomology space of the complex (5, 9a), we have : LHP^{S, A) —^ LHP^^'^{TZ, A). 

(iv) The sequence 

o^Li^O''(7^,A) ^ ... 

^ Li^P'^(7^, A) ^ LHP'-{P,A) LHP'-{S,A) ^ Li^P+l■'^(7^, A) X... Li7"'-(5, A) ^ 
is a long exact cohomology sequence of vector space homomorphisms. 

(v) If ker^'' (j)^ and im^^^'^ cj)^ denote the kernel and the image of the restricted map : LHP^{S,A) — > 
^7jP+i,r(-7^^^)^ we have 

Li^^"■(7^,A) ~LFP-i''-(5,A)/kerP-i^"0,®LiJP'^(P,A)/kerP'^0,. (8) 

Proof. Statements (i) and (ii) are direct consequences of equation d\ — 0. For (iii), we only need 
check that Hnear map (jj^ coincides with the connecting homomorphism, what is obvious. Eventually, 
assertion (v) is a corollary of exactness of the long cohomology sequence. I 

We now identify the iS-cohomology with a relative cohomology. Several concepts of relative coho- 
mology can be met in literature. Below, we use the following definition. 

Definition 6. Let V be a vector .space endowed with a differential d, and let W be a d-closed subspace of 
V . Denote by d the differential canonically induced by d on the quotient space V/W . The cohomology of 
the differential space {V/W, d) is called the relative cohomology of {V, W, d). It is denoted by II{V, W, d). 

Proposition 3. The cohomology induced by Da on S {i.e. the cohomology of differential space {S, 9a)) 
coincides with the relative cohomology of {V,'R-,A) {i.e. the cohomology of space {V /TZ,dA)): 

LH{S,A) ~ LH{V,n,A). 

Proof. It suffices to note that the vector space isomorphism ip : V/TZ 3 [tt] psir £ S intertwines 
the differentials 9a on V/TZ and 9a on S. I 

Remark. In view of this proposition it is clear that iS-cohomology is independent of the chosen 
sphtting = 7e e 5. 

Theorem 6. The LP- cohomology groups of a SRMI Poisson tensor A, over the space TZ of cochains 
with coefficients in the formal power series, are given by 

LHP'-{TZ, A) ~ LHP'-{V, A)/ ker^"- 0j © LHP-^'''{r, TZ, A)/ ker^-^'^ 

where the above-introduced notations have been used. 

Proof. Reformulation of Equation ^ and Proposition [31 I 

Remark. T/iis theorem reduces computation of the formal LP-cohomology groups LHP^{TZ, A), basi- 
cally to the Koszul cohomology groups LHP^{T', A) ~ KHP{Xs, Er) associated to the afore- detailed 
operators Xs on Er = S^M."* induced by the considered SRMI tensor, and to the relative cohomology 
groups LIIP^^'^{T',TZ,A). It thus highlights the link between Poisson and Koszul cohomology. Let us 
mention that we showed in \MP06^ . via explicit computations in M"^, that V -cohomology {now identi- 
fied as Koszul cohomology) and S- cohomology {or relative cohomology) are less intricate than Poisson 
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cohomology. 

The remark concerning the comparative simphcity of the 'P-cohomology can be easily understood. 
Observe that any SRMI Poisson tensor A = J2i<j Oi'^^n . Oi'^ € M, with = Y.t ^irdr and ^^r e K"* , 
reads, locally in {D := dett^ 0} C {A 7^ 0} C M", 

A-^a'^9,,,^. eM), 

i<j 

where (si,...,s„) are local coordinates. As the Yi mutually commute, the statement is a direct 
consequence of the "straightening theorem for vector fields" . For instance, for structure A = 2a Y23 + 
bYsi + aYi2, where Yi = xdi + yd2, Y2 — 182 — ydi, Y3 = zd^, and D = (a;^ + y^)z, see Theorem[2l 
the local (non-polynomial) coordinate transformation 

X — e'' cos 9,y ^ e^ sin 6, z = — e~' 

leads to Yi = 9^, 1^2 = ^e, ¥3 = 9t, and A = 2adet + bdts + adse. 

Hence, locally in a dense open subset of M", there are coordinate systems or bases in which tensor 
A has constant coefficients. The P-cohomology LH*'^(V, A) however, is the LP-cohomology in the 
extended space P*'' = D'^ >S''M"* (g) AP(f), which admits the 5^060^ basis f = (Yi, . . . , y„) in 

which structure A has constant coefficients. This is what makes "P-cohomology particularly convenient. 

4 Koszul cohomology in a finite-dimensional vector space 

In view of the above remark regarding the basic ingredients of LP-cohomology of SRMI tensors 
of R", we take in this section an interest in the Koszul cohomology space KH*{X\,E) associated 
to operators X\ := (Xi — Ai id, . . . , X„ — A„ id) made up of commuting linear transformations X := 
{Xi, . . . , Xn) of a finite-dimensional real vector space E and a point A :— (Ai, . . . , A„) £ W\ However, 
Koszul cohomology is known to be closely connected with Spectral Theory — a fundamental principle 
of multivariate operator theory is that all essential spectral properties of operators AT in a complex 
space should be understood in terms of properties of the Koszul complex induced by X\, A G C" — so 
that the natural framework for investigations on Koszul cohomology is the complex setting. 

Proposition 4. Let {E,d) be a differential space overW, and denote by {E'^,d^) its complexification. 
The complexification H^{E,d) of the cohomology space of {E,d) and the cohomology H{E'^,d'^) of 
differential space {E''",d'^), are canonically isomorphic: 

H{E^,d^) ~H^{E,d). 

Proof. Obvious. I 

Proposition 5. If X £ EndR(£^) are commuting 'K-linear transformations of a real vector space E, 
and if X'" e Endc(i?'^) are the commuting corresponding complexified C-linear transformations of the 
complexification E"^ of E, the following isomorphism of complex vector spaces holds: 

KH*{X^,E^) ~ KH*^{X,E). 

Proof. In view of Proposition 21 it sufhces to check that the complex K*{X'^ , E'^) is effectively the 
complexification of the complex K*{X,E). I 

This proposition allows deducing our subject for investigation, the Koszul cohomology KH*[X\,E) 
(where A is a point of R" and where X is an n-tuple of commuting M-linear operators of a finite- 
dimensional vector space E over K), from its more natural counterpart over the field of complex 
numbers. 
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Below, we use the concept of joint spectrum cr(X) of commuting bounded linear operators X ~ 
[Xi, . . . , Xn) on a complex vector space E. There are a number of definitions of such spectra in 
the literature; the considered spaces E are normed spaces, Banach spaces, or Hilbert spaces. Here 
we investigate Koszul cohomology in finite dimension and need the following characterizations of the 
elements of the joint spectrum cr(X) (for a proof, we refer the reader to |BR02| ): 

Proposition 6. Let X — (-'^i, ■ • • ,Xn) be an n-tuple of commuting operators on a finite- dimensional 
complex vector space E . Then the following statements are equivalent for any fixed A = (Ai, . . . , A„) g 
C"; 

(a) Aecr(X) 

(b) There exists a basis in E with respect to which the matrices representing the Xj are all upper- 

triangular, and there exists an index q {I < q < dimE), such that Xj is the {q,q) entry of the 
matrix representing Xj, for j G {1, . . . , n} 

(c) There exists an index q as in Item (b) for every basis in E with respect to which the matrices 

representing the Xj are all upper-triangular 

(d) There exists a nonzero vector x such that XjX = XjX, Vj G {1, . . . , n} 

(e) There do not exist Yj in the subalgebra o/Endc(£^) generated by id and X, such that 

n 

^y,(x,-A,id) = id 

In the following, we supply some results regarding Koszul cohomology spaces. We use the same 
notations as above. 

Proposition 7. Let A — A„(r/) be the exterior algebra on n generators ff over a field ¥ of characteristic 
0, and let h be dual generators, i.e. ih^Vi — ^ki- We then have the homotopy formula 

Crjiihk + ihu^-qt = Ski id, 
where ih^ and e^^ are the creation and annihilation operators, respectively. 
Proof. Obvious. I 

Proposition 8. Let X G Endp"(£') (resp. Y G End^"(i?) ) be n commuting linear operators X 
(resp. Y) on a vector space E over ¥. We denote by fC — '^iXi ® Cr^ {resp. k — ^fc ® ^hk) 
the corresponding Koszul cohomology (resp. homology) operator. The following homotopy-type result 
holds: 

ICk + kK.^ I ^FfAi j ® id + Y^[Xe,Yk] (E) e,j,ih^. 

\ i I kl 

Proof. Direct consequence of Proposition [71 I 

Proposition 9. Let X G End^"(£') be n commuting endomorphisms of a finite- dimensional complex 
vector space E, and let A G C" . Consider a splitting 

E = Ei®E2 

and denote by ij : Ej —>■ E {resp. pj : E —t Ej ) the injection of Ej into E {resp. the projection of E 
onto Ej ). 

If El is stable under the action of the operators Xi, i.e. p2Xf ii = 0, and if X is not in the joint 
spectrum cr{X2) of the commuting operators Xi2 — P2 Xi i2 G Endc(i?2)j then any cocycle C G -E (8> A 
of the Koszul complex K*{X\, E), where Xx — X — Aid^;, is cohomologous to a cocycle Ci £ Ei >Si A, 
with A = An{ff). 
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Proof. Observe first that if q{X) £ C[Xi, . . . , Xn] C Endc(i?) denotes a polynomial in the X^, the 
compound map q{X)2 = P2Q{X)i2 coincides with the (same) polynomial q{X2) G Endc(£'2) in the X12 
(t^:). Indeed, due to stability of Ei, we have 



P2 XiXk 12 ^P2Xiii pi Xk 12 + P2 Xe i2 P2 Xk 12 = XnX, 



k2- 



This entails in particular that the X£2 commute. 

As A ^ a{X2), Item (e) in Proposition [H] implies that there are n operators Y2 in the subalgebra of 
Endc(£'2) generated by idsa ^2, such that 

Y,Ye2{Xe2~XiidE,)^idE,. (9) 

e 

Hence, for any £, Y12 — Qt{X2) is a polynomial in the Xk2- Set now — Qg{X) G Endc(i?). 
If applied to operators Xx and F, Proposition [S] implies that 



( ^ Yi{Xg - A, ids) J ® idA + 



I ~ \i ids, Yfe] ® eni^hk ^K,k + nJC, 

where /C (resp. n) is the Koszul cohomology (resp. homology) operator associated with X\ (resp. Y) 
on E. As Yfc is a polynomial in the commuting endomorphisms , the second term on the LHS of the 
preceding equation vanishes. Hence, when evaluating both sides on a cocycle C — e (i) w oi cochain 
complex K*{X\,E), we get 

[Q{X){e)) w = ICK{e(g)w), 



where Q{X) = J^e ^t{Xi — \t id^) = Qg{X){Xi ~ \g iAe) is a polynomial in the Xg. Up to factor 
w, the LHS reads 

Q{X){e:}^pMX)iiPi{e)+P2Q{X)iipi{e)+piQ{X^^^ 

where the second term of the RHS vanishes, in view of the stability of Ei, and where the last term 
coincides with P2{e), in view of Remark (★) and Equation Eventually, cocycle C = e w is 
cohomologous to cocycle 

Ci = C-/CkC= (pi{e) ~ piQ{X)iipi{e) - piQ{X)i2P2{e)j w G Si ® A. ■ 

The preceding proposition allows in particular recovering the following well-known result: 

Corollary 2. Consider n commuting endomorphisms X G End£"(i?) of a finite- dimensional complex 
vector space E, and a point A G C". 5*6^ kerAT^ n"^j^ ker(Ar^ — A^id). // dim(kerA'A) = 0, the 
Koszul cohomology KH*{X\,E) is trivial, and vice versa. 

Proof It suffices to note that, due to Proposition El the dimensional assumption means that 
A ^ <^{X), and to apply the preceding proposition with Ei = 0. Conversely, if there exists 
X G her X\ \ {0}, then ICj^^x — ~ id)(a^) "Ht — 0) so that a; is a nonbounding 0-cocycle. I 

The next consequence of Proposition^] shows that the Koszul cohomology KH*{X\, E) is — roughly 
spoken — made up by joint eigenvectors with eigenvalues Xg. 

Consider n commuting endomorphisms X —: X^^^ G End£"(i?) of a finite-dimensional complex 
vector space E E'^^^ F^^\ and a point A G C". For any a G {2,3, . . .}, if ker^""""^) kerXf 
and := E^''-^^ / VeT:^''-^\ the 
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£ e {l,...,n}, defined recursively by = (xj" : E'^''^ 3 [e('^-i)] ^ [xj" ^'e'""!)] £ 

are again n commuting (well-defined) operators on a finite-dimensional complex vector space. We 
iterate this procedure finitely many times, thus obtaining operators xj,°'\ a G {1, . . . ,s + 1}, until 
ker*-*^^-* = kerXl^"*"^^ = 0, or, equivalently, 

A ^ (t(x(^+i)). 

In the following, we identify the operators xj,"'"' with their models that arise from the choices of 

supplementary subspaces F^"' of ker^°"^^ in E'^^'^^I ~ F^'^^^^ a £ {2,...,s + 1}, so that ~ 
p{a) ^ p{a-i) ^ ^(a-1) dcuotc by ia : F^") ^ i^('^-i) the inclusion and by Pa ■ F^"-'^^ 

the canonical projection, the isomorphism E^°-^ ~ F^") is F'°) 9 [/^"~^^] ^ Paf^°'~^^ G F*^''^ and 
operator X^°'\ viewed as endoniorphism of F^"'\ reads 

' = PaX^-^-^^Z,, (10) 

since for any /(°) e F(°), we have X^^^V^"^ = = = PaX'f'^haf^"'^ ■ 

Corollary 3. Let A G C" &e a pomt in C", and Zet X = X'^'^^ G Endp"(i?) &e n commuting endo- 
morphisms of a finite- dimensional complex vector space E = Denote by X'"' G Endc"(F(")), 

a G {2,...,s}, the above- depicted "reduced" operators on supplementary spaces F'^'^\ and denote by 
A — An {ff) the Grassmann algebra with n generators ff. 
Any cocycle 

C e E^A 

of the Koszul complex K* (X\ , E) is cohomologous to a cocycle 

C\ G (kerXf ^ © kerXf ^ © ... © kerX^"') (g> A. 
Proof. It suffices to apply Proposition [5] to the obvious splitting 

E = Ei®E2:= |^0ker(")^ ©F(*+i). 

Indeed, the operators X2 considered in Proposition [5] read Xf2 ~ Ps+i ■ ■ ■P2Xfl2 ■ ■ - is+i = x'f^^\ 
where we used the afore-introduced notations ia and Pa- Hence, the spectral condition A ^ (t{X2) is 
satisfied by definition of s, see above. Moreover, if fc^"-' G ker*-"-* C F^°'\ a G {1, . . . , s}, we have 

a 

Xi =X,i2...%a fc^"' =Pa...piXii2...ia fc^"^ "f ^ T^bPh-l ... P2 X ,l2 ... la fc^"'- (H) 

6=2 

Mapping tt^ : F'^^^^^ ker'''^^-' is the second projection associated with the decomposition F^''^^^ = 
fW ©ker^''"^^ so that id^(b-i) = pb + TTt. In order to derive Equation ifTTj) . we utilized this upshot 
for 6 G {2, ... , a}. The first term of the RHS of Equation ^ is X^^^/c^") = /c(°) G ker^'"', and the 
terms characterized by index b are elements of the spaces ker^'-i). Hence, space Fi = ©^^^ ker^"-* is 
stable under the action of the Xi and Proposition [5] is applicable. I 

Corollary 4. On the conditions of Corollary \^ if for any £ G {1, . . . ,n}, the kernel and the image 
of the transformation Xf — Xi id are supplementary in E, then any cocycle C G F (g) A of the Koszul 
complex K* {Xx, E) is cohomologous to a cocycle Ci G kerX^ ® A. 

Proof. It suffices to prove that s = 1. If s 7^ 1, there is a nonzero vector x G kerX^'^-' C F^^^. 
Then, for any fc, £ G {1, . . . , n}, {Xk - Xk id){Xi - Xe id)x = {Xk - Xk id){p2Xei2X + ■n2Xii2X ~ Xgx) = 
{Xk — Xk \A){Tr2Xgi2x) ~ 0, as 772 ^£123; G kerX^. Hence, for every we have {Xi — A^id)!: G kerX^ n 
m\{Xi — Xg id) = 0. Eventually, x G (ker Xx) H F^^' = 0, a contradiction. 



Classical r-matrix induced tensors, Koszul cohomology, and Poisson cohomology 



18 



5 Koszul cohomology associated with Poisson cohomology 

We now come back to the Koszul cohomology implemented by a SRMI tensor of M". Let us recall 
that we deal with a SRMI tensor 

where the Yj are n commuting linear vector fields that verify Yi...„ ^ 0. The main building block of the 
LP-cohomology of such a tensor has been identified as the Koszul cohomology space KH*{Xs, Er) as- 
sociated to the operators Xs — {Xi — (5i id, . . . , Xn — Sn id), Xj = a^'^Yk, a^^ = —a^^, 6j = div Xj 
on the spaces = iS'"IR"*, r e N. We already pointed out that this cohomology can be deduced 
from its complex counterpart KH*{X'g,E^) (see Proposition [5]), which is tightly related with joint 
eigenvectors and the joint spectrum of X^ or Xf (see Corollaries [Hand [3]). In this section, we further 
investigate the Koszul cohomology space KH*{Xf,E^). In particular, we reduce the computation of 
this central part of the LP-cohomology space LH*^' {TZ, A) to essentially a problem of linear algebra, 
and give a description of the spectrum of the transformations Xf. 

When dealing with commuting operators on a finite-dimensional complex vector space, it is natural 
to use an upper-triangular representation of these transformations. The following theorem shows 
that, for our endomorphisms Xf of the space — 5''C"* (see below), which has the possibly high 
(complex) dimension N — (r + n — l)!/[r!(n — 1)!] (if e.g. r — 10 and n = 3, this dimension equals 
= 66), the problem of finding such a representation Xf S gl(iV, C)^" (we denote the operators and 
their representation by the same symbol) reduces to the quest for an upper-triangular representation 
a G gl(7i,C)^" of some commuting transformations a of C". More precisely, the Uj, j G {1, . . . ,n}, 
are the commuting matrices aj = {J^)~^Yj G gl(rt,]R) that correspond to the commuting linear vector 
fields Y, . 

Proposition 10. Any basis of C", in which the commuting operators a have an upper-triangular 
representation, naturally induces a basis of E^ — iS^'C"*, in which all the transformations Xf are 
upper-triangular. 

Let us first mention that in the sequel the use of super- and subscripts is dictated by esthetic 
criteria and not at all by contra- or covariance. 

Proof. In the following, we denote by a; = {xi, . . . ,Xn) (resp. z = (zi,...,z„)) the points of 
M" (resp. C") as well as their coordinates in the canonical basis (ei,...,e„). As usual, we set 
= J2m ^kmdx„, = Y.m.p ^^T^ ^P^x^ and usc uotatious as a;'' = ' . . . 2;^" , /3 G N" . 
The complexification of 

Er = = {P G C°°(M") : P{x) ^ ^/^^^^ ^ ^ ^)} 

\f3\=r 

is 

Er ® iEr ~ E^ ~ ^X"* = {P G C°°(C") : P{z) - ^ cpz^ (z G C", c„ G C)}. 

m=r 

It is also easily seen that the complexification Y^ G Endc(£'^) of Yfe G EndR(Pr) is the holomorphic 
vector field 

if ^^^™p^^5^^ eVecti"(C") 

mp 

of C". 

It is well-known that the n commuting matrices aj = {J'^)~^Yj G gl(n,M) can be reduced si- 
multaneously to upper-triangular matrices by a unitary matrix U G U(7i, C). Consider any matrix 
U G GL(n, C) (resp. any basis {e[, . . . , e^) of C"), such that the bj = U^^ajU G gl(n, C) are upper- 
triangular (resp. in which the transformations a are all upper-triangular). Denote by 3 = (31, . . . ,3„) 
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the components of the vectors z = J2j ij^'j ^ C" in the basis {e[, . . . , e^), and let (e'^, . . . , e'^) be the 
dual basis of this new basis. If viewed as a basis of the space of degree r homogeneous polynomials 
of C", the induced basis e^^ V ... V e^- , ji < ... < jr, of the space 5''C"* of symmetric covariant 
r-tensors of C" reads ^'^ , (3 G N", |/?| = r. 

In order to find the matrices of the operators Xf in this "natural" basis 3'^, /3 G N", \j3\ = r of 
E^, we range the vectors j'^ according to the lexicographic order -< and perform the coordinate change 

z = U],, dz = d^z in the first order linear differential operators {Xj — Sj id)"'. We get 

ix,~5,idf = E"''E^r3p9„„-5,id^ 

k m<p 

= Y.^^HT"' -id^) 5] a^Vi^d,^, 

km k m<p 

since Sj — div Xj = J2k7n a^'^a™™ — J2km a-''^^™'"- As the image of vector by operator {Xj - 6j id)"- 

(X,-<5,id)V-E"''^"'" (An-l)/+EE"''^^/3m3''-"^"+^^ (12) 
km k m<p 

where ^P-'^^+'^p ^ ^ the matrices of the commuting operators {Xj ~ Sj id)"', j G {1, . . . ,n}, in the 
basis j3 G N", = r, of space E",^, are all upper-triangular. I 

The next theorem provides a description of the joint spectrum (Jr{Xf) of the operators Xf G 
End-'(i?,^:). 

Let B G gl(n,C) be the matrix Bjk = bj'' made up by the diagonals of the matrices bj, see above. 

Theorem 7. The joint spectrum (Tr{Xf) of the commuting operators Xf G End£"(_E^) on the finite- 
dimensional complex vector space E^, is given by 

ar{Xf) = {aBI : / G (N U {-1})", \I\ ^ r - n} C C", 
where \I\ = Ij denotes the length of I. 

Proof. Direct consequence of Proposition El and Equation (fT^ . I 

Remark. In Proposition[TJ we showed that for all k, Y^D = (div Yfe)_D, where D — detl G En C ii^^. It 
of course follows that for all j, XfD = XjD = {diY Xj)D = S^ id^ D, so that = (0, . . . , 0) G cr^iXf). 
This last upshot is immediately recovered from Theorem [T] 

Set Kr{Xf) {/ G ker(aB) : / G (N U {-1})" , |/| = r - n}. Corollary [2] can then be reformulated 
as follows. 

Corollary 5. The Koszul cohomology KH*{Xf,E'^) is acyclic if and only if Kr{Xf) = 0. 

Proof Indeed, KH*{Xf, E^) is trivial if and only if dim(kerX^) = 0, if and only if ^ crr{Xf), 
i.e. if and only if Kr{Xf) = 0.1 

We now depict a convenient method that allows finding a basis of the space 

ker e ker © . . . © ker x'^ , 

which houses the Koszul cohomology KH*{Xf,Ef), see Corollary[31 

In order to simplify notations, we systematically omit in the following description superscript C. 
We write e.g. Xs, Er, . . . instead of Xf, E^, . . . 
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Consider any basis (ei, . . . , cn) of Er that generates an upper-triangular representation Ti, . . . , r„ 
of the operators Xs- The kernel kerXg is then described by the n triangular systems 

riZ = o,...,r„z = o, (13) 

(each one) of N homogeneous linear equations in the N complex unknowns Z — {Z^ , . . . , Z^). 

As understood before, G ar{Xs) if and only if at least one of the lines T"? = (T-j'', . . . jT^'), 
g e {1, . . . , N}, is d = (0, . . . , 0). We refer to the number fj, of such 0-lines T"^! , . . . , T , qi < . . . < g^, 
as the multiplicity of in the spectrum ar{Xs) (in the considered basis (ei, . . . , cat)). Of course, the 
general solution of System (flS]) is a linear combination Z — '^^jCjKj, cj G C, of d = dimkerX^ 
independent vectors Kj G C^. Let 

k, = Kjei + ... + k]"' e,„^ , J G {1, . . . , d}, (14) 

be the corresponding basis of kerX^. It can quite easily be seen — ^just "solve" System (IT^ and start 
imagining a configuration that leads to the maximal dimension of the space of solutions — that d < /i 
and that the components K^"^ 7^ of the vectors kj with highest superscript correspond to (J-lines 
g^, < . . . < q^^. 

The A^-tuple (fci, . . . , kd, ei, . . . , e^, . . . , . . . , cat) is a basis of Er, since the determinant in 
the basis (ei, . . . , cat) of the permuted iV-tuple (ei, . . . , fci, . . . , fed, . . . , ca?) equals K^"^ . . . K'^'^ ^ 0. 
Observe that the kj are joint eigenvectors of the X^ associated with eigenvalue 0. Moreover, in view 
of Equation (fTi|) . every vector Cq^. can be written in terms of "lower" vectors of the new basis. Hence, 

the first d columns of the representative matrices T[, . . . ,T!^ of the operators Xs in the new basis 
vanish, these matrices are again upper-triangular, and the lines T'', 9 G {1, . . . , N}, are unchanged up 
to permutation. The matrices T'^ + (5^ id G gl(Af, C) correspond to the operators Xi, ^ G {1, . . . , n}, and 

their lower right submatrices {T^ -\- 5iid)^'^^ G gl(-/V — d, C) (resp. T^^^"*) correspond to the operators 

Xf'' (resp. Xf^ - (5£id(^)), see Equation ^ and Corollary^ 

In other words, in the basis (ei, . . . , e^, . . . , e^, . . . , eAf) of a space Fr'^\ see Corollary [31 which 

is supplementary to kerX^ in Er, the operators Xg are represented by upper-triangular matrices 

T{- , . . . , Tn ■ Thus, the above-detailed procedure can be iterated and the general solution of another 
packet of n (smaller) triangular systems of linear equations 

Tp^z^o, ...,r;(^)z = o, (15) 

provides a basis fc^^\ . . . , k^^^ of ker et cetera. 
Remarks. 

• The solutions of the triangular systems of homogeneous linear equations ilS]) . il5]) . ... generate 
a basis of the locus 

ker xf^^^(S ker xf^^^ ker xf ^"'^ 

of the Koszul cohomology space KH*{Xf, E^). 

• Observe that if the bi — U^^aiU have been computed, the upper-triangular matrix representa- 
tions Ti, . . . , T„ of the transformations Xf in the corresponding basis , P £ N", |/3| ~ r, of E^ 
are known, see Equation p2p . and explicit computations can actually be performed. 

• As the multiplicity of in the spectrum of the endomorphisms X^ is fi — d, and as its multi- 
plicity in the spectrum of the ^^("+1) vanishes, by definition of s, we get 

s 

Ij = d + d2 + ... + ds = ^dimkerX^^^', (16) 
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with self-explaining notations. As the RHS of this equation is independent of the eonsidered basis, 
the concept of multiplicity of a point A G in the joint spectrum of commuting transformations 
of a finite-dimensional vector space, makes sense. Ahhough this result might be weU-known, we 
could not find it anywhere in literature. 

Example 1. Consider structure A2 of the DHC, see Theorem O and assume that a 7^ 0,6 = 0. It is 
easily checked that the matrix 

U = 

transforms the above-mentioned matrices a£ simultaneously into upper-triangular matrices bg. A short 
computation yields that the space K^tiXf), t gN, contains the unique point /( = — 1, i — 1, i — 1), so 
that the multiplicity /z of in the joint spectrum a^tiXf) equals 1, see proof of Theorem[71 It follows 
that the Koszul cohomology spaces KH*{Xf, E^^) are not trivial, see Corollary[51 Furthermore, since 
the matrices are in fact diagonal in this example. Equation entails that ^{^2^3 belongs to the 
kernel kerat Xf of operators Xf in space . If we take into account Equation (fTH|) , we see that 
keistXf = C}{i2i3 E^nd that the reduced operators xf^''\ j g {2,...,s}, do not exist, i.e. that 
s = 1. Hence, and since the change to canonical coordinates is z — U^, see proof of Proposition \TU\ 
the cohomology space KHP{Xf, Eg), p e {0, 1, 2, 3}, t G N, is located inside 

3l3233 *^^i.--jp — (^1 + ^2)*^3 *^^i---jp- 

ji< ■■<ip ji< - <jp 

This rather easily obtained upshot is in accordance with the results of |MP06| (modulo slight changes 
in definitions and notations [e.g. the roles of parameters a and 6 are exchanged]). 

Example 2. For structure A3 of the DHC and parameter value a = 0, depending on the value of r, 
the multiplicity of in the spectrum ar{Xf ) equals or 1 — and computations are similar to those of 
the preceding example — , except in the case r = 3, which generates multiplicity 3. Since for A3 the 
matrices are lower-triangular, a coordinate change z ^ 3 is not necessary and it can easily be seen 
that we have s = 3 and 

ker3 Xf = Czfzs, ker^ xf = CziZa^a, ker3 xf '■^^ = Cz^z^. 

The corresponding cohomological upshots are part of the computation of the LP-cohomology of A3 
that we detail in the next section. 

Remark. Remember that the operators Xi are defined by Xi — J2j '^^''^ji with a-'* = —a'-' . Hence, 
matrix a G gl(?T-, R) is skew-symmetric, and det a vanishes for odd n. Of course, the corresponding 
non-trivial linear combination Cid^* = 0, induces a non-trivial combination CiXi = of the 
Xi (and the Xi — Si'vl), which is significant in computations. In the even dimensional [n — 2m, m e 
{2,3,...}) maximal rank (rka — n) case, the Koszul cohomology KH*{Xf,E^) has the following 
simple description. If (in even dimension n) det a ^ 0, then 



^KH\xf,E^)^CV, 



reN 

where V denotes the complex clone of det £, and, for any r ^ n and any p G {1, . . . , n}, the cohomology 
space KHP{Xf, E^) vanishes. We do not detail the proof that is, roughly, along the lines of Proposition 
[TJ If r = ri, the situation is more complicated and new elements of ker Xg ^ ' ©ker Xg ^ .®ker Xg ^ ' 
may enter the play. 
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6 Cohomology spaces of structures A3 and Ag 

We already pointed out that the LP-cohomology (or 7?.-cohomology) of SRMI tensors can be deduced 
from a Koszul cohomology (P-cohomology) and a relative cohomology (iS-cohomology) , see Theorem 
El Theorem m and Proposition [31 

The involved Koszul cohomology has been studied in the last section. We particularized our upshots 
by means of (pertinent) examples, see Examples 1 and 2, Section |5l 

Within the cohomology computations of SRMI tensors of the DHC, 5-cohomology has so far been 
determined "by hand". In the majority of cases, the LP-cohomology operator respects, in addition 
to the degrees p and r, a partial polynomial degree k (e.g. the coboundary operator associated with 
A3 respects the partial degree in x = ?/ = 2:2), so that we can decompose space S^'^ into smaller 
spaces S]!,^ (made up by the elements of 5*"" that have partial degree k), see jMP06j . The cohomology 
operator of structure Ag however, does not respect any additional degree. The iS-cohomology of Ag is 
therefore quite intricate. 

Theorem [S] leads to the following cohomological upshots for structures A3 and Ag. No proofs will 
be given (for a description of an application of the technique, see |MP06] ). 

Theorem 8. If a ^ 0, the cohomology spaces of structure A3 are 

LH"* {TZ, A3) 
LH^*{TZ, A3) ^ RYi + RY2 + RY3, 
LH^* {TZ, A3) - WY23 ® Ry3i ® R(22/z93i + y'^ia), 
LH^* {TZ, A3) ^Rdi23®^y^zdi23, 
where the Yi are those defined in Theorem 

Theorem 9. If a ^ 0, the cohomology spaces of structure Ag are 

LH"*{n,AQ) =R, 
LH^*{TZ, Ag) = RYi + RY2 + RY3, 
LH^*{TZ,Aq) = erefMz'^dus, 

and 

ii^2*(7^,Ag) = (BrenH^, 

where 

= MO23: Hi ^ RCj*, i?3 = MC^, 
Hi = Rx^d23 + Rxz{d23 - 2-^931) + R{xzdi2 - z^d23) 
+R{yzdi2 + {~27a^x^ - 9axz + 3ay^ - 2^)^31), 
iJ^^i = RC[ + RC2^ r>3, 

with 

C[ = -aixz"- + ry^z'-'^)di2 + {9a^xy'' + a{3r-l)ir + l)-^z'-+^)d23 
+ayz''d3i 

and 

CI2 - (-a(r-2)2;V-3 + j;2^--i)a,2 

+ (9a\z/2z''-2 - 9ar-^xz'' + 3a(r - 3)(r - l)-^y^z'-^ - 3(r - l)r-\r + l)'^ z''+^)d23 
+ (6a(r - ly^xyz"-^ - ay^ z'-^ - r~'^yz'')d3i, 

where the Yi are those defined in Theorem\^ ( and where the terms that contain a power of x, y, or z 
with a negative exponent are ignored ). 
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7 Cohomological phenomena 

Let us outline the most important cohomological phenomena. 
Consider a SRMI Poisson structure A = J2i<j • 

It is easily checked that the curl vector field of A, see Section [21 is given by K{A) — 
5i = divXi, Xi = J2j Oi^^^j- Consequently, K-exactness is (in R", n > 3) equivalent with divergence- 
freeness. Note now that the 0-cohomology space LH'^*{TZ, A) of A, or space Cas(A) of Casimirs of A, 
coincides with the kernel keiX, see Equation[5] Hence, in view of Proposition [1] for a K-exact tensor, 
DP = (det£)P is a joint eigenvector of the Xi with eigenvalues pSi — 0, i.e. e kerX. It follows 
that, for K-exact SRMI Poisson tensors, 

®penRDP c LH°*{n,A) = Cas(A). 

As for the 1-cohomology space LH^*{TZ, A), let us first remark that the stabilizer qa, viewed as 
a Lie subalgebra of linear vector fields ^"0^(1^"), is made up by 1-cocycles (by definition) that do not 
bound (degree argument), i.e. 

QACLH'*{n,A). 

Moreover, as LP-cohomology is an associative graded commutative algebra, the classes of the 
cocycles in 

Cas(A) (g) A^SA, 

< p < n, are "preferential" LP-cohomology classes. Such classes massively appear in the LP- 
cohomology of SRMI tensors of the DHC, see |MP06| . and of twisted SRMI tensors, see |AP07| . 

However, two other types of classes systematically appear in LP-cohomology. 

1. The classes of type I originate from T'-cohomology. In fact, roughly spoken, the locus kerX^*-^^ © 
kerX^^^-* ... kerX^^*-* of the Koszul cohomology associated with the considered Poisson 

cohomology generates in some cases nonbounding cocycles in 7^-cohomology. For instance, for 
structure A7, the rational functions D'^ z~^, D' = x'^ + y'^, 7 £ 2N*, induce the classes D'^z^^Y^, 
Y3 = zds, in space LH'^*(n,Aj). 

2. The classes of type II are due to 5-cohomology. Indeed, let s be a cochain in space S, which 
is supplementary to TZinV. It happens that 9aS G Ti-- Then, 5aS — a coboundary of a cochain 
from the outside of TZ — is typically a nonbounding cocyclc in TZ. 

We refer to these two types of cohomology classes as "singular classes" , since some of their coeffi- 
cients are polynomials on the singular locus of the considered Poisson tensor. 

Let us finally briefly comment on the impact of LP- and K-exactness on the structure of LP- 
cohomology. If tensor A, or part of this tensor, is LP-exact, see Section [21 some elements of space 
A^0A may be bounding cocycles. For instance, part Y12 of structure A3 of the DHC is LP-exact 
and disappears in the second cohomology space, see Theorem [S] Hence, LP-exactness impoverishes 
LP-cohomology. In view of the above remark on Casimir functions and the observations made in 
earlier works, we know that K-exactness significantly enriches the cohomology. Therefore, richness of 
LP-cohomology depends in some sense on the distance of the Poisson tensor to LP- and K-exactness. 
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